Abstract U-shaped spectrograms observed by the DEMETER satellite in the equatorial region of the upper ionosphere are presented and explained for the first time. These spectra are characterized by the latitude-dependent upper cutoff frequency that increases with the latitude during nighttime. The observations suggest that this very low frequency wave phenomenon is closely connected with the anomalous increase in cold plasma density at and below the satellite. We show that restricting the analysis to propagation effects is insufficient to explain U-shaped spectra, and other effects, in particular, the collisional wave damping should be taken into consideration. To calculate the wave damping, we use the method of successive approximations. In the first approximation, we calculate the ray trajectory and the wave normal vector along it, using the equations of geometrical optics neglecting collisions. In the second approximation we calculate the collisional wave damping along the precalculated trajectory. We show that the effects of very low frequency wave propagation and attenuation in the equatorial region of the upper ionosphere explain the main features of the phenomenon under discussion.
Introduction
The DEMETER satellite, which operated in the orbit for more than 6 years, was very successful in observing various very low frequency (VLF) wave phenomena, both known before and yet unknown. Its payload measured electromagnetic waves in different frequency ranges from ultralow frequency to medium frequency, and also plasma parameters such as the ion density given by the ion analyzer IAP (Berthelier, Godefroy, Leblanc, Seran, et al., 2006) . The VLF electric spectrograms up to 20 kHz were always on board calculated with a low time (2 s) and frequency (19 Hz) resolution all around the Earth except in the auroral zone (Berthelier, Godefroy, Leblanc, Malingre, et al., 2006) . Along with familiar ion cyclotron and electron whistlers induced by lightning strokes (Gurnett et al., 1965; Helliwell, 1965; Smith et al., 1964; Storey, 1953) , the observations include magnetospheric line radiation (Němec et al., 2009) , wedge-like spectra (Shklyar et al., 2010) , the first time registered ionospherically reflected proton whistlers (Vavilov & Shklyar, 2014) , and many others. The variety of unusual VLF wave events have been collected and presented in the review paper by Parrot et al. (2015) .
In the present article we study U-shaped spectrograms, the VLF wave phenomenon observed sometimes by DEMETER in the equatorial region of the orbit, which has not yet been completely understood. Figure 1 shows an example of spectrogram under discussion that clarifies the appellation of this wave phenomenon. In the next section, we present more examples of U-shaped spectra which reveal close relation of these wave events to the increase in the ambient plasma density. The key points in the approach that we use to explain U-shaped spectra are given in section 3. VLF wave propagation in the equatorial region of the ionosphere is described in section 4. The features of collisional wave absorption in the ionosphere that give the key to understanding U-shaped spectra are discussed in section 5. Finally, the results of the paper are summarized in section 6.
Observational Features of U-Shaped Spectrograms
Further examples of U-shaped spectra are shown in Figures 2-4. The details of electromagnetic field measurements and data processing on board DEMETER can be found in Berthelier, Godefroy, Leblanc, Malingre, et al. (2006) . The data beneath each spectrum display orbital parameters, of which the geomagnetic latitude is the most important in the present context. We should recall that the orbit of DEMETER was circular and was lowered from 700 km to 660 km in December 2005. Thus, all the measurements discussed in the present paper were taken at the altitude of 660 km. We see that the upper cutoff frequencies in the spectra are almost symmetrical with respect to the equator, although this property is by no means strict. The variation of plasma density shown below each spectrum indicates clearly that U-shaped spectrum is connected with the unusual increase in plasma density registered on the satellite. The relation of U-shaped spectrum to an enhanced plasma density is further illustrated by Figure 5 , which displays the spectrogram taken under conditions of lower plasma density. We see that in this case the U shape on the spectrogram is less pronounced than that in the cases of larger plasma density shown above.
We should mention one important point concerning plasma density measurements. At DEMETER altitudes, O + are the dominant ions. Thus, the electron density, which essentially determines the wave attenuation, is very close to O + density displayed in the figures.
Figures 3 and 4 aim to illustrate that the width of the U-shaped spectrum increases with increasing plasma density. Another important characteristic of U-shaped spectrum is the minimum cutoff frequency in the spectrum registered at or close to the equator, which we denote by f cmin . While the notion of minimum cutoff frequency is self-evident, the definition of cutoff frequency itself needs to be clarified. By cutoff frequency we understand the frequency at which the spectral intensity merges with the noise level. The minimum cutoff frequency is determined by many factors, of course, but the plasma density seems to be the key one. In general, the quantity f cmin decrease with increasing plasma density. Figure 6 illustrates the dependence of the maximum latitudinal width at the 20-kHz level of the U shape and the minimum cutoff frequency in the spectrum on the equatorial plasma density measured by DEMETER.
We will note another important peculiarity of the wave phenomenon under discussion. As one can notice from the examples of U-shaped spectra shown above, if plasma density on one side of the equator is substantially large, then the spectrum has a sharp cutoff frequency with a distinct dependence on the latitude, while when the density is not that large the cutoff frequency is somewhat vague.
As was pointed out by one of the reviewers, the U-shaped spectra shown in Figures 1-4 had all been taken at geographic latitudes near 300 ∘ , where the geomagnetic field strength at the equator is strongest as compared to the dipole value. We do not have a clear explanation for this observational feature. We suppose that the preferable observation of these events near 300 ∘ geographic longitude may be related to statistically significant enhancement of the electron density in this region that has previously been shown in Figure 6 of 
Parrot et al. (2009).
We are now checking all the nighttime half orbits of DEMETER (more than 30,000 orbits) in order to obtain a statistic, and we intend to present the results in a future publication.
General Approach to the Explanation of U-Shaped Spectra
As can be inferred from the analysis of spectrograms presented above, the emission observed at the latitudes adjacent to the U-shaped spectrum is nothing but sferics originating from lightnings. Thus, our first assumption is that U-shaped spectrum is formed by lightning-induced emission. This emission first propagates in the Earth-ionosphere wave guide, partly leaking through the lower to upper ionosphere. Due to refraction property of the ionosphere in which the propagation speed there is much lower than that in the atmosphere, shortly after a lightning stroke the emission is localized in a thin horizontal layer of the ionosphere. This layer is centered on the latitude of the lightning stroke, of course, but has a finite width over latitude. Basing on experimental data, Vavilov and Shklyar (2014) estimated this width to be on the order of 40 ∘ (or ∼4,000 km) in total. We will take this configuration as the initial condition for the electromagnetic field when considering the evolution of the wave field after the lightning stroke. Spatial Fourier transform of this field will be dominated by the wave vectors with vertical components much larger than horizontal ones, that is, the wave vectors directed almost vertically. Each wave vector in this expansion gives rise to a wave packet with the frequency determined by the local dispersion relation, which is then conserved along the ray trajectory of the given wave packet.
We will be interested in the frequency range of observation, that is, 1-20 kHz, which in the upper ionosphere corresponds to the lower part of whistler mode band. For such waves, the wave length is of the order of (c∕f p )(f c ∕f ) 1∕2 , where f p = p ∕2 , f c = c ∕2 are electron plasma and cyclotron frequencies, respectively, f = ∕2 is the wave frequency, and c is the speed of light. Using typical ionospheric plasma parameters one can show that at the altitudes of 120 km and higher, the wave length is much smaller than the scale of inhomogeneity , that is, ≪ . Hence, our second assumption is that above 120 km the trajectories of the wave packets that form U-shaped spectrum are well described by the equations of geometrical optics (GO).
As will be shown below (see section 4), U-shaped spectrum cannot be explained solely by propagation effects, and other factors should be taken into consideration. We suppose that collisional wave damping plays a crucial role in formation of the observed spectrum. Our main assumption consists in that the wave damping can be accurately taken into account by the method of successive approximations, which permits to divide the wave propagation and attenuation. Specifically, we solve the equations of GO in nonabsorptive plasma, that is, neglecting collisions. These equations define the ray trajectory, as well as the wave normal vector along it. Then, one can substitute the obtained wave normal vector and also the plasma parameters along the ray trajectory, into general dispersion relation with the account of collisions and find complex wave frequency that takes into account the wave Table 1. attenuation. Alternatively, one can substitute real frequency and all, but one, real components of the wave normal vector and find the remaining complex component that describes spatial wave attenuation. Due to the reasons explained below, we will further use the second possibility. We now turn to the solution of GO equations.
VLF Wave Propagation in the Equatorial Region of the Ionosphere
As has been mentioned above, in the Earth's ionosphere the frequency range under discussion corresponds to whistler mode waves. The feature of wave propagation in the equatorial region is such that the waves have large wave normal angles close (but not equal!) to ∕2. We will underline that we assume nonducted propagation for fractional-hop whistlers that form the U-shaped spectrum. Another peculiarity is a substantial variation of the parameter f p ∕f c over the altitude range of interest, namely, from 120 km where we start our calculations to ∼ 660 km, that is, the altitude of observation on DEMETER. The dispersion relation for whistler mode waves having large wave normal angle, which is valid for arbitrary ratio f p ∕f c , has been obtained by Shklyar et al. (2017) and has the form
is the upper hybrid frequency, k ∥ and k are the parallel component and the magnitude of the wave normal vector, respectively, and the quantities q and the lower hybrid resonance frequency LH are determined by the following relations:
Here pi is the proton plasma frequency and M eff is the effective ion mass normalized to the proton mass.
When solving 2-D GO equations based on the dispersion relation (1), we will use the dipolar model of the ambient magnetic field. As for plasma density and the effective ion mass, we will assume these quantities to depend only on the height, neglecting their dependence on latitude. The corresponding profiles used in calculations are shown in Figure 7 . The data are obtained from IRI 2016 model and correspond to 1 January 2010, 22:00 LT, geomagnetic latitude 5 ∘ and longitude 40 ∘ . The right panel shows the profile of electron collision frequency, which is used in section 5 for estimation of wave attenuation. The ray trajectories for 10 kHz wave packets starting at various latitudes at the height of 120 km and reaching the satellite at the height of 660 km are shown in Figure 8 . All wave packets have vertical direction of the initial wave normal vector. Initial and final latitudes, as well as initial and final wave normal angles corresponding to the trajectories shown in Figure 8 are given in Table 1 . The trajectories are numbered in the order of increasing initial latitude. Trajectories of wave packets in the whole frequency band from 1 to 20 kHz show similar behavior. We see that some trajectories come to the equatorial region; thus, all wave frequencies would be registered there provided that the corresponding wave packets had sufficiently large amplitudes. This is confirmed by Figures 1-4 where it can be seen that the whistlers have a small dispersion and, thus, are coming from an area not very far below the satellite.
Collisional Wave Absorption in the Ionosphere

Temporal Versus Spatial Attenuation of a Wave Packet
As it is clear from the above consideration, the problem of wave packet damping is the initial value problem. The initial amplitude of the wave packet, apart from the intensity of lightning stroke, depends at least on frequency and the distance between the lightning and the exit point of the wave packet into ionosphere (Fiser et al., 2010) . Discussion of this dependence is far beyond the scope of the present study, thus, we will only keep this factor in mind.
The net attenuation of the wave packet is given by the integral
where is the imaginary part of the wave frequency, so that the complex frequency Ω = + i . The integral in (2) is taken between some initial time t 0 and the time of wave packet arrival at the satellite. Let us show that, as far as the wave attenuation is concerned, this nonstationary problem with initial conditions can be reduced to the solution of a stationary problem for a monochromatic wave. More specifically, calculation of the integral (2) can be reduced to the calculation of the integral of imaginary part of the vertical component of the wave normal vector over the height. Namely, let us show that
(Here and further, for all vectors concerned, we denote their radial components by index h and horizontal components by index ). Indeed, the quantity is determined from the dispersion relation that can generally be written in the form
the inequality |G(k h , k , Ω)| ≪ |F(k h , k , Ω)| being fulfilled in the case of weak damping that we assume. Then, for real k h , k , the quantity is determined by the relation
On the other hand, for real Ω and k , the imaginary part of the wave vector component k h is given by
Taking into account that the vertical component of the group velocity is equal to
and that dt = dh∕V g h , from (5) and (6) we get the required relation (3).
Equations for the Wave Field
The expressions for real wave components of a monochromatic wave can be written in the following form:
Equations for the quantities E 0 (r) and B 0 (r) which follow from Maxwell's equations then read
wherêis the dielectric tensor.
Equations (8) have the same form in any coordinate system. When solving the GO equations, we used the dipole coordinate system (L, Y, M) , with the M axis directed along the ambient magnetic field, L being the orthogonal to M coordinate in the meridional plane, and Y denoting the azimuthal coordinate. This coordinate system is convenient for this purpose since the corresponding dispersion relation contains k ∥ , that is, the wave vector component along the ambient magnetic field. When dealing with the equations for the wave field (8), we will assume that the plasma density and the collision frequency depend only on the height h above the Earth, or, which is the same, on the radial distance from the Earth's center r = R E + h, where R E is the Earth's radius. Then it is more convenient to use the orthogonal coordinate system ( , y = Y, r) , where is the latitude. The components of vector E 0 in two coordinate systems are related by
Here and further we use indices i, j to denote vector and matrix components in the coordinate system (L, Y, M) and indices , for the coordinate system ( , y, r) . The unitary matrix U is given by
where is the angle between the local direction of the ambient magnetic field and the vertical (r axis). For dipolar magnetic field, the angle depends only on the latitude and is determined by the equation
The relations between the components of all vectors in these coordinate systems has the same form (9), in particular, for the wave magnetic field, wave normal vector, and the radius vector.
In the coordinate system ( , y, r) equations (8) have the same form, except the change of the dielectric tensor; thus, we get
Relation (12) expresses the dielectric tensor in the coordinate system ( , y, r) through the dielectric tensor in coordinate system (L, Y, M) in which it has the standard form (see, e.g., Ginzburg & Rukhadze, 1972) :
Under conditions (below ci is the ion cyclotron frequency, e is the electron collision frequency, i is the averaged ion collision frequency)
which are fulfilled in the region under consideration, the components of the dielectric tensor may be written as
Using (12) and (13) we obtain the dielectric tensor in the coordinate system ( , y, r) and the quantities 1 , 2 , 3 are given by (15).
We will look for the solution of equations (11) in the form
assuming E(r) and B(r) to be slowly varying functions of r as compared to Ψ(r). We consider the wave propagation in meridian plane, so that the vector r has only two components, namely, r and r h . We should underline that the function Ψ(r) is not assumed to be real, as well as the vectors E(r) and B(r), of course . The derivatives of the function Ψ(r) over coordinates give the corresponding components of the complex wave normal vector:
Substituting (17) and (18) into (11) and neglecting the derivatives of the amplitudes E(r), B(r) we obtain
The third and the sixth equations in (19) permit to express B h and E h through other wave field components, the corresponding relations do not include k h . Thus, the set of equations (19) can be reduced to four linear algebraic homogeneous equations for the quantities E , E y , B , and B y , each equation containing one term proportional to k h : Figure 10 . Spatial attenuation coefficient as the function of height for 6-kHz waves registered at various latitudes at the height of 660 km. Total wave attenuation corresponding to the observation latitudes from 2.3 ∘ to 26.3 ∘ indicated in the insert is equal to 7.1, 4.7, 3.1, 2.2, 1.6, and 1.3 dB, respectively. Figure 7 . Total wave attenuation corresponding to three density profiles indicated in the insert is equal to 7.1, 8.1, and 9.0 dB, respectively.
where
For the sake of compactness, we had not introduced the expression (21) for E h into the set of equations (20).
The set of equations (20) may be written in matrix form:
with the following expressions for the matrix elements (see (20), (21)):
We are interested in finding the complex quantity k h along the wave packet trajectory, remembering that the imaginary part of k h determines the wave attenuation according to (3). The quantity −Im{k h } is nothing but the wave spatial attenuation coefficient which is denoted by in the following figures. Along the wave packet trajectory, all plasma parameters as well as the horizontal component of wave normal vector are known from the solution of GO equations. Thus, solving for the quantity k h is reduced to eigenvalue problem for known matrix (see (22)), which is solved by standard routine. Since in the frequency band under discussion and in 10.1029/2018JA025656 the absence of collisions there exists only one propagating mode, namely, whistler mode, with the account of collisions there exist only two eigenvalues k h satisfying the condition
and of these two, we are interested in that one having Re(kh) > 0, which corresponds to up-propagating wave. Same as in GO, we neglect the wave reflection in our consideration.
Spatial attenuation coefficient as the function of height along the ray trajectory for 1, 6, 11, 16, and 21 kHz wave packets are shown in Figure 9 . All wave packets start at the height of 120 km, at the geomagnetic latitudes 11.95 ∘ , 12.41 ∘ , 12.59 ∘ , 12.75 ∘ , and 12.91 ∘ , and are registered at the height of 660 km at 5 ∘ latitude. We see that for all frequencies the spatial attenuation coefficient has its maximum at the height of about 400 km, that is, in the region of ionosphere F layer maximum. The attenuation coefficient increases with frequency, which leads to the appearance of upper cutoff frequency in the observed spectrum. Figure 10 shows the dependence of the spatial attenuation coefficient on the height, for 6-kHz waves observed at various latitudes. All waves start at 120-km altitude at the latitudes 0 = 10.6 ∘ , 12.9 ∘ , 16.1 ∘ , 19.9 ∘ , 24.1 ∘ and 28.5 ∘ , and come to 660 km at the latitudes indicated in the figure, lower initial latitudes corresponding to lower final ones. We see that the waves registered close to the equator have the largest attenuation coefficient, which explains the formation of U-shaped spectrum.
The dependence of the attenuation coefficient on plasma density is illustrated by Figure 11 . The attenuation coefficient as the function of height is calculated for 12-kHz wave, starting vertically from the altitude of 120 km, at the latitude 0 = 12 ∘ , for three self-similar profiles of plasma density as indicated in the legend and the figure caption. We see that the attenuation coefficient increases with increasing density, which agrees with the observational results. The dependencies of wave attenuation on frequency, latitude of observation, and the plasma density presented above explain the formation of U-shaped spectrum observed experimentally by DEMETER.
Summary
In this paper we have presented the observation of U-shaped spectrum registered by the DEMETER satellite in the equatorial region of the upper ionosphere during nighttime, which is characterized by the presence of the upper cutoff frequency that increases with the increase of latitude at both sides of the equator (see Figures 1-4) . The mechanism of U-shaped spectrum formation suggested in this paper is based on the following assumptions. The spectrum is formed by lightning-induced emissions in the VLF frequency band from 1 to 20 kHz, which propagate from the illuminated region of the Earth-ionosphere waveguide to the observation heights (∼700 km) in the whistler mode. The formation of U-shaped spectrum is ascribed to the features of whistler mode wave propagation and collisional attenuation in the indicated region. Due to refractive properties of the ionosphere, the waves in this region propagate with high wave normal angles. It turns out that collisional attenuation of the waves increases with increasing frequency and decreasing latitude of observation. These two factors lead to the formation of the observed U-shaped spectrum. The suggested mechanism permits to explain the main observational feature of the wave phenomenon under discussion, namely, it was observed only under condition that the plasma density measured on board DEMETER was unusually high. This may be understood as follows. With the increase in plasma density, the wave group velocity decreases, thus, the wave propagates through the attenuation region for a longer time which results in larger wave damping. Alternatively, in the frame of stationary problem, this can be understood as the result of increase in the wave normal vector, both its real and imaginary parts, with the same impact on the net wave attenuation.
While the present study permits to understand the main observational features of the wave phenomenon under discussion, numerical simulation of the U-shaped spectrograms requires additional knowledge of statistical properties of lightnings, such as their spatial and temporal distribution over the globe and spectral distribution of emitted energy in the Earth-ionosphere wave guide as the function of latitude and the distance from the lightning stroke, at the least. Discussion of all these characteristics of lightning-induced emission is beyond the scope of the present paper and will be considered in separate publications.
To summarize the theoretical part of the paper, we will say the following. Our explanation of U-shaped spectrum is based on GO. Traditional GO deals with real rays, and real frequencies and wave normal vectors. At the
